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EINSTEIN-LIKE DOUBLY WARPED PRODUCT MANIFOLDS
CARLO ALBERTO MANTICA, SAMEH SHENAWY, AND N. SYIED
Abstract. In this paper, it is proved that the factor manifolds Mi, i = 1, 2 of
a doubly warped product manifoldM =f2 M1×f1M2 acquire the Einstein-like
class type A, B or P of M by imposing a sufficient condition on the warping
functions in each case. Einstein-like doubly warped product spacetimes are
considered.
1. An introduction
Einstein-like manifolds are natural extension of Einstein manifolds. This con-
cept is deeply studied by Alfred Gray in [16] and Arthur Besse in [3, Chapter
16](see also [17, 19]). Gray presented an interesting decomposition of the covari-
ant derivative of the Ricci tensor to orthogonal classes of Einstein-like manifolds.
Pseudo-Riemannian manifold (M, g) admitting a cyclic parallel Ricci tensor, that
is,
(DXRic) (Y, Z) + (DY Ric) (Z,X) + (DZRic) (X,Y ) = 0,
for any vector fields X,Y, Z ∈ X (M) are called Einstein-like of class A. It is noted
that the above condition is equivalent to
(DXRic) (X,X) = 0,
for any vector field X ∈ X (M). If the Ricci tensor is a Codazzi tensor, i.e.,
(DXRic) (Y, Z) = (DYRic) (X,Z) ,
then (M, g) is called Einstein-like of class B. Manifolds having a parallel Ricci
curvature tensor, i.e.,
(DXRic) (Y, Z) = 0,
are called Einstein-like of class P .
Einstein-like manifolds admitting different curvature conditions were considered
by G. Calvaruso in [7–10]. Einstein-like manifolds of dimension 3 are studied in
[2, 6] whereas of dimension 4 are considered in [25]. Projective spaces and spheres
furnished with class A or class B Einstein-like metrics were classified in [21]. An
interesting study in [19] shows Einstein-like Generalized Robertson-Walker space-
times are perfect fluid space-times except one class of Gray’s decomposition.
Motivated by these studies and by a recent study of Einstein-like metrics on
warped product manifolds(see [18]), we investigated Einstein-like doubly warped
product manifolds as well as Einstein-like doubly warped space-times. Sufficient
conditions on the warping functions that guarantee the factor manifolds inheritance
of the Einstein-like class type A, B or P . One can recall the results of [18] on singly
warped product manifolds by imposing one of the warping functions as constant.
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2. Preliminaries
The (pseudo-)Riemannian product manifold M = M1 × M2 of two (pseudo-
)Riemannian manifolds (Mi, gi, Di), i = 1, 2, equipped with the metric tensor
g = (f2 ◦ pi2)
2
pi∗1 (g1)⊕ (f1 ◦ pi1)
2
pi∗2 (g2) ,
where the functions fi : Mi → (0,∞) , i = 1, 2 is called a doubly warped product
manifold and is denoted by M =f2 M1×f1 M2. The natural projection maps of the
Cartesian product M1 ×M2 onto Mi are pii : M1 ×M2 → Mi where i = 1, 2. The
functions fi are called the warping functions of the warped product manifold Mi
and ∗ denotes the pull-back operator on tensors. In particular, if for example f2 = 1,
thenM =M1×f1M2 is called a singly warped product manifold [4,13,14,20,23,24].
Throughout this work, all tensors on factor manifolds are identified with their lifts
to the product manifold and consequently we use the same notation for both of
them. For example, we use the same notation for a function fi on Mi and for its
lift (fi ◦ pii) on M . Let (M, g,D) be a pseudo-Riemannian doubly warped product
manifold of two pseudo-Riemannian (Mi, gi, Di) , i = 1, 2 with dimensions ni where
n = n1 + n2 and Ric, Ric
i be the Ricci curvature tensors on M,M i respectively.
The gradient and Laplacian of fi on Mi are denoted by ∇
ifi and △
ifi whereas
f⋄i = fi △
i fi + (nj − 1) gi
(
∇ifi,∇
ifi
)
, i 6= j.
The Levi-Civita connection D on M =f2 M1 ×f1 M2 is given by
DXiXj = Xi (ln fi)Xj +Xj (ln fj)Xi,
DXiYi = D
i
Xi
Yi −
f2j
f2i
gi (Xi, Yi)∇
j(ln fj),
where i 6= j and Xi, Yi ∈ X (Mi). Then the Ricci curvature tensor Ric on M is
given by
Ric (Xi, Yi) = Ric
i (Xi, Yi)−
nj
fi
Hfi (Xi, Yi)−
f⋄j
f2i
gi (Xi, Yi) ,
Ric (Xi, Yj) = (n− 2)Xi (ln fi)Yj (ln fj) ,
where i 6= j and Xi, Yi, Zi ∈ X (Mi).
3. Results on doubly warped product manifolds
This section is devoted to the study of Einstein-like doubly warped product man-
ifolds of Class A, Class B or Class P . The proofs are too lengthy and consequently
are moved to the Appendix. For simplicity, let us define the (0, 2) tensors F i as
follows
F i (Xi, Yi) =
nj
fi
Hfi (Xi, Yi) ,
where i, j = 1, 2, i 6= j and Xi ∈ X (Mi). The inheritance property of Class A is
controlled by the following result.
Theorem 1. Let M =f2 M1 ×f1 M2 be an Einstein-like doubly warped product
manifold of Class A. Then (Mi, gi) is an Einstein-like manifold of Class A if and
only if (
DiXiF
i
)
(Xi, Xi) =
f⋄j
fi
Xi (fi) gi (Xi, Xi) ,
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where i, j = 1, 2, i 6= j and Xi ∈ X (Mi).
For a singly warped product manifold, one can recall the this result.
Corollary 1. Let M = M1×f1 M2 be an Einstein-like singly warped product man-
ifold of Class A. Then (M1, g1) is an Einstein-like manifold of Class A if and only
if F i is cyclic parallel. Moreover, (M2, g2) is an Einstein-like manifold of Class A.
The factor manifolds gain the Einstein-like Class B according to the following
result.
Theorem 2. Let M =f2 M1 ×f1 M2 be an Einstein-like doubly warped product
manifold of Class B. Then (Mi, gi) is an Einstein-like manifold of Class B if and
only if(
DiXiF
i
)
(Yi, Zi) =
(
DiYiF
i
)
(Xi, Zi)
+
1
f3i
Xi (fi) gi (Yi, Zi)
(
f⋄j − (n− 2)
(
∇jfj
)
fj
)
−
1
f3i
Yi (fi) gi (Xi, Zi)
(
f⋄j − (n− 2)
(
∇jfj
)
fj
)
,
where i, j = 1, 2, i 6= j and Xi, Yi, Zi ∈ X (Mi).
The constancy of one of the warping function will simplify the above result as
follows.
Corollary 2. Let M = M1×f1 M2 be an Einstein-like singly warped product man-
ifold of Class B. Then (M1, g1) is an Einstein-like manifold of Class B if and only
if (
D1X1F
1
)
(Y1, Z1) =
(
D1Y1F
1
)
(X1, Z1) ,
where X1, Y1, Z1 ∈ X (M1). (M2, g2) is Einstein-like of Class B.
Finally, being an Einstein-like of Class P is discussed here.
Theorem 3. Let M =f2 M1 ×f1 M2 be an Einstein-like doubly warped product
manifold of Class P. Then (Mi, gi) is an Einstein-like manifold of Class P if and
only if
(
DiXiF
i
)
(Yi, Zi) =
n− 2
f3i
[gi (Xi, Yi)Zi (fi) + gi (Xi, Zi)Yi (fi)]
(
∇jfj
)
fj
+
f⋄j
f3i
Xi (fi) gi (Yi, Zi) ,
where i, j = 1, 2, i 6= j and Xi, Yi, Zi ∈ X (Mi).
We end this section by recalling the above result for singly warped product
manifolds.
Corollary 3. Let M =f2 M1 ×f1 M2 be an Einstein-like doubly warped product
manifold of Class P. Then (M1, g1) is an Einstein-like manifold of Class P if and
only if (
D1X1F
1
)
(Y1, Z1) = 0,
where X1, Y1, Z1 ∈ X (M1). Also, (M2, g2) is Einstein-like of Class P.
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4. Einstein-like doubly warped product space-times
Let M¯ =f I ×σ M be a doubly warped product space-time furnished with the
metric tensor g¯ = −f2dt2 ⊕ σ2g where (M, g) is a Riemannian manifold, f : M →
(0,∞) and σ : I → (0,∞) are smooth functions. Then the Levi-Civita connection
D¯ on M¯ is given by
D¯∂t∂t =
f
σ2
∇f,
D¯∂tX = DX∂t =
σ˙
σ
X +
1
f
X (f) ∂t,
D¯XY = DXY −
σσ˙
f2
g (X,Y ) ∂t,
where X,Y ∈ X (M). Then the Ricci curvature tensor R¯ic on M¯ is given by
R¯ic (∂t, ∂t) =
n
σ
σ¨ +
f⋄
σ2
R¯ic (X,Y ) = Ric (X,Y )−
1
f
Hf (X,Y )−
σ⋄
f2
g (X,Y )
R¯ic (∂t, X) = (n− 1)
σ˙
σ
X (ln f)
where X,Y, Z ∈ X (M). The reader is referred to [13] and [22] and references
therein for the definition and physical significance of doubly warped space-times.
Theorem 4. Let M¯ =f I ×σ M be an Einstein-like doubly warped product space-
time of Class A. Then (M, g) is an Einstein-like manifold of Class A if and only
if
(DXF) (X,X) =
(
2 (n− 1) σ˙2 + σ⋄
) 1
f3
X (f) g (X,X) .
Theorem 5. Let M¯ =f I ×σ M be an Einstein-like doubly warped product space-
time of Class B. Then (M, g) is an Einstein-like manifold of Class B if and only
if
(DXF) (Y, Z) = (DY F) (X,Z) +
(
σ⋄ − (n− 1) σ˙2
) 1
f3
X (f) g (Y, Z)
−
(
σ⋄ + (n− 1) σ˙2
) 1
f3
Y (f) g (X,Z) .
Theorem 6. Let M¯ =f I ×σ M be an Einstein-like doubly warped product space-
time of Class P. Then (M, g) is an Einstein-like manifold of Class P if and only
if
(DXF) (Y, Z) =
σ⋄
f3
X (f) g (Y, Z) +
σ˙2
f3
(n− 1) (g (X,Z)Y (f)− g (X,Y )Z (f)) .
Appendix A. Proof of Theorem 1
For a doubly warped product manifold M =f2 M1 ×f1 M2, we have
(DXRic) (X,X) = X (Ric (X,X))− 2Ric (DXX,X)
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Thus
(DXRic) (X,X)
= (X1 +X2)
(
Ric1 (X1, X1)−
n2
f1
Hf1 (X1, X1)−
f⋄2
f21
g1 (X1, X1)
)
+(X1 +X2)
(
Ric2 (X2, X2)−
n1
f2
Hf2 (X2, X2)−
f⋄1
f22
g2 (X2, X2)
)
+(X1 +X2) (2 (n− 2)X1 (ln f1)X2 (ln f2))
−2Ric
(
D1X1X1 −
f22
f21
g1 (X1, X1)∇
2(ln f2), X1
)
−2Ric
(
D1X1X1 −
f22
f21
g1 (X1, X1)∇
2(ln f2), X2
)
−4Ric (X1 (ln f1)X2 +X2 (ln f2)X1, X1)
−4Ric (X1 (ln f1)X2 +X2 (ln f2)X1, X2)
−2Ric
(
D2X2X2 −
f21
f22
g2 (X2, X2)∇
1(ln f1), X1
)
−2Ric
(
D2X2X2 −
f21
f22
g2 (X2, X2)∇
1(ln f1), X2
)
That is
(DXRic) (X,X)
=
(
D1X1Ric
1
)
(X1, X1)−
n2
f1
(
D1X1H
f1
)
(X1, X1) +
n2
f21
X1 (f1)H
f1 (X1, X1)
+
f⋄2
f31
X1 (f1) g1 (X1, X1)−
1
f22
g2 (X2, X2)X1 (f
⋄
1 )−
1
f21
g1 (X1, X1)X2 (f
⋄
2 )
+
(
D2X2Ric
2
)
(X2, X2)−
n1
f2
(
D2X2H
f2
)
(X2, X2) +
n1
f22
X2 (f2)H
f2 (X2, X2)
+
f⋄1
f32
X2 (f2) g2 (X2, X2) + 2 (n− 2)X1 (ln f1)X2 (X2 (ln f2))
+2
f22
f21
g1 (X1, X1) (n− 2)X1 (ln f1)
(
∇2(ln f2)
)
(ln f2)
−2 (n− 2)
(
D1X1X1
)
(ln f1)X2 (ln f2) + 2 (n− 2)X2 (ln f2)X1 (X1 (ln f1))
+2
f22
f21
g1 (X1, X1) Ric
2
(
∇2(ln f2), X2
)
− 2
n1f2
f21
g1 (X1, X1)H
f2
(
∇2(ln f2), X2
)
−2
f⋄1
f21
g1 (X1, X1) g2
(
∇2(ln f2), X2
)
− 4 (n− 2) (X1 (ln f1))
2
X2 (ln f2)
−4X2 (ln f2)Ric
1 (X1, X1) + 4X2 (ln f2)
n2
f1
Hf1 (X1, X1)
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+4X2 (ln f2)
f⋄2
f21
g1 (X1, X1)− 4X1 (ln f1)Ric
2 (X2, X2)
+4X1 (ln f1)
n1
f2
Hf2 (X2, X2) + 4X1 (ln f1)
f⋄1
f22
g2 (X2, X2)
−4 (n− 2)X1 (ln f1) (X2 (ln f2))
2
− 2 (n− 2)X1 (ln f1)
(
D2X2X2
)
(ln f2)
+2
f21
f22
g2 (X2, X2) Ric
1
(
∇1(ln f1), X1
)
− 2
n2f1
f22
g2 (X2, X2)H
f1
(
∇1(ln f1), X1
)
−2
f⋄2
f22
g2 (X2, X2) g1
(
∇1(ln f1), X1
)
+2
f21
f22
g2 (X2, X2) (n− 2)
(
∇1(ln f1)
)
(ln f1)X2 (ln f2) .
Thus,
(DX1Ric) (X1, X1) =
(
D1X1Ric
1
)
(X1, X1)−
n2
f1
(
D1X1H
f1
)
(X1, X1)
+
n2
f21
X1 (f1)H
f1 (X1, X1) +
f⋄2
f31
X1 (f1) g1 (X1, X1)
and
(DX2Ric) (X2, X2) =
(
D2X2Ric
2
)
(X2, X2)−
n1
f2
(
D2X2H
f2
)
(X2, X2)
+
n1
f22
X2 (f2)H
f2 (X2, X2) +
f⋄1
f32
X2 (f2) g2 (X2, X2) .
Appendix B. Proof of Theorem 2
Let us define the tensor B (X,Y )Z as follows
B (X,Y )Z = (DXRic) (Y, Z)− (DY Ric) (X,Z)
That is
B (X,Y )Z = X (Ric (Y, Z))− Y (Ric (X,Z))− Ric ([X,Y ] , Z)
−Ric (Y,DXZ) + Ric (X,DY Z)
Now we consider that
B (X,Y )Z = E1 + E2 + E3
where,
E1 = X (Ric (Y, Z))− Y (Ric (X,Z))− Ric ([X,Y ] , Z)
= (X1 +X2) (Ric (Y1, Z1) + Ric (Y2, Z2) + Ric (Y1, Z2) + Ric (Y2, Z1))
− (Y1 + Y2) (Ric (X1, Z1) + Ric (X2, Z2) + Ric (X1, Z2) + Ric (X2, Z1))
−Ric ([X1, Y1] , Z1)− Ric ([X1, Y1] , Z2)− Ric ([X2, Y2] , Z1)
−Ric ([X2, Y2] , Z2)
= (X1 +X2)
(
Ric1 (Y1, Z1)−
n2
f1
Hf1 (Y1, Z1)−
f⋄2
f21
g1 (Y1, Z1)
)
+(X1 +X2)
(
Ric2 (Y2, Z2)−
n1
f2
Hf2 (Y2, Z2)−
f⋄1
f22
g2 (Y2, Z2)
)
+(X1 +X2) ((n− 2)Y1 (ln f1)Z2 (ln f2) + (n− 2)Z1 (ln f1) Y2 (ln f2))
EINSTEIN-LIKE DOUBLY WARPED PRODUCT MANIFOLDS 7
− (Y1 + Y2)
(
Ric1 (X1, Z1)−
n2
f1
Hf1 (X1, Z1)−
f⋄2
f21
g1 (X1, Z1)
)
− (Y1 + Y2)
(
Ric2 (X2, Z2)−
n1
f2
Hf2 (X2, Z2)−
f⋄1
f22
g2 (X2, Z2)
)
− (Y1 + Y2) ((n− 2)X1 (ln f1)Z2 (ln f2) + (n− 2)Z1 (ln f1)X2 (ln f2))
−Ric1 ([X1, Y1] , Z1) +
n2
f1
Hf1 ([X1, Y1] , Z1) +
f⋄2
f21
g1 ([X1, Y1] , Z1)
− (n− 2) [X1, Y1] (ln f1)Z2 (ln f2)− (n− 2)Z1 (ln f1) [X2, Y2] (ln f2)
−Ric2 ([X2, Y2] , Z2) +
n1
f2
Hf2 ([X2, Y2] , Z2) +
f⋄1
f22
g2 ([X2, Y2] , Z2)
and
E2 = −Ric (Y,DXZ)
= −Ric (Y1, DX1Z1)− Ric (Y1, DX1Z2)− Ric (Y1, DX2Z1)− Ric (Y1, DX2Z2)
−Ric (Y2, DX1Z1)− Ric (Y2, DX1Z2)− Ric (Y2, DX2Z1)− Ric (Y2, DX2Z2)
= −Ric1
(
Y1, D
1
X1
Z1
)
+
n2
f1
Hf1
(
Y1, D
1
X1
Z1
)
+
f⋄2
f21
g1
(
Y1, D
1
X1
Z1
)
+(n− 2)
f22
f21
g1 (X1, Z1) Y1 (ln f1)
(
∇2(ln f2)
)
(ln f2)− Z2 (ln f2)Ric
1 (Y1, X1)
+
n2
f1
Z2 (ln f2)H
f1 (Y1, X1) +
f⋄2
f21
Z2 (ln f2) g1 (Y1, X1)
−X1 (ln f1) (n− 2)Y1 (ln f1)Z2 (ln f2)− Z1 (ln f1) (n− 2)Y1 (ln f1)X2 (ln f2)
−X2 (ln f2)Ric
1 (Y1, Z1) +
n2
f1
X2 (ln f2)H
f1 (Y1, Z1) +
f⋄2
f21
X2 (ln f2) g1 (Y1, Z1)
− (n− 2)Y1 (ln f1)
(
D2X2Z2
)
(ln f2) +
f21
f22
g2 (X2, Z2)Ric
1
(
Y1,∇
1(ln f1)
)
−
n2f1
f22
g2 (X2, Z2)H
f1
(
Y1,∇
1(ln f1)
)
−
f⋄2
f22
g2 (X2, Z2) g1
(
Y1,∇
1(ln f1)
)
− (n− 2)
(
D1X1Z1
)
(ln f1)Y2 (ln f2) +
f22
f21
g1 (X1, Z1)Ric
2
(
Y2,∇
2(ln f2)
)
−
n2f2
f21
g1 (X1, Z1)H
f2
(
Y2,∇
2(ln f2)
)
−
f⋄1
f21
g1 (X1, Z1) g2
(
Y2,∇
2(ln f2)
)
−X1 (ln f1)Ric
2 (Y2, Z2) +
n1
f2
X1 (ln f1)H
f2 (Y2, Z2) +
f⋄1
f22
X1 (ln f1) g2 (Y2, Z2)
−Z2 (ln f2) (n− 2)X1 (ln f1)Y2 (ln f2)−X2 (ln f2) (n− 2)Z1 (ln f1)Y2 (ln f2)
−Z1 (ln f1)Ric
2 (Y2, X2) +
n1
f2
Z1 (ln f1)H
f2 (Y2, X2) +
f⋄1
f22
Z1 (ln f1) g2 (Y2, X2)
−Ric2
(
Y2, D
2
X2
Z2
)
+
n1
f2
Hf2
(
Y2, D
2
X2
Z2
)
+
f⋄1
f22
g2
(
Y2, D
2
X2
Z2
)
+(n− 2)
f21
f22
g2 (X2, Z2)
(
∇1 (ln f1)
)
(ln f1)Y2 (ln f2)
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Finally,
E3 = Ric (X,DY Z)
= Ric (X1, DY1Z1) + Ric (X1, DY1Z2) + Ric (X1, DY2Z1) + Ric (X1, DY2Z2)
+Ric (X2, DY1Z1) + Ric (X2, DY1Z2) + Ric (X2, DY2Z1) + Ric (X2, DY2Z2)
= Ric1
(
X1, D
1
Y1
Z1
)
−
n2
f1
Hf1
(
X1, D
1
Y1
Z1
)
−
f⋄2
f21
g1
(
X1, D
1
Y1
Z1
)
− (n− 2)
f22
f21
g1 (Y1, Z1)X1 (ln f1)
(
∇2(ln f2)
)
(ln f2)
+Z2 (ln f2)Ric
1 (X1, Y1)−
n2
f1
Z2 (ln f2)H
f1 (X1, Y1)−
f⋄2
f21
Z2 (ln f2) g1 (X1, Y1)
+Y1 (ln f1) (n− 2)X1 (ln f1)Z2 (ln f2) + Z1 (ln f1) (n− 2)X1 (ln f1)Y2 (ln f2)
+Y2 (ln f2)Ric
1 (X1, Z1)−
n2
f1
Y2 (ln f2)H
f1 (X1, Z1)−
f⋄2
f21
Y2 (ln f2) g1 (X1, Z1)
+ (n− 2)X1 (ln f1)
(
D2Y2Z2
)
(ln f2)− (n− 2)
f21
f22
g2 (Y2, Z2)Ric
1
(
X1,∇
1 (ln f1)
)
+
n2f1
f22
g2 (Y2, Z2)H
f1
(
X1,∇
1 (ln f1)
)
+
f⋄2
f22
g2 (Y2, Z2) g1
(
X1,∇
1 (ln f1)
)
+(n− 2)
(
D1Y1Z1
)
(ln f1)X2 (ln f2)−
f22
f21
g1 (Y1, Z1)Ric
2
(
X2,∇
2(ln f2)
)
+
n2f2
f21
g1 (Y1, Z1)H
f2
(
X2,∇
2(ln f2)
)
+
f⋄1
f21
g1 (Y1, Z1) g2
(
X2,∇
2(ln f2)
)
+Y1 (ln f1)Ric
2 (X2, Z2)−
n1
f2
Y1 (ln f1)H
f2 (X2, Z2)
−
f⋄1
f22
Y1 (ln f1) g2 (X2, Z2) + Z2 (ln f2) (n− 2)Y1 (ln f1)X2 (ln f2) + Z1 (ln f1)Ric
2 (X2, Y2)
+Y2 (ln f2) (n− 2)Z1 (ln f1)X2 (ln f2)−
n1
f2
Z1 (ln f1)H
f2 (X2, Y2)−
f⋄1
f22
Z1 (ln f1) g2 (X2, Y2)
+Ric2
(
X2, D
2
Y2
Z2
)
−
n1
f2
Hf2
(
X2, D
2
Y2
Z2
)
−
f⋄1
f22
g2
(
X2, D
2
Y2
Z2
)
− (n− 2)
f21
f22
g2 (Y2, Z2)
(
∇1 (ln f1)
)
(ln f1)X2 (ln f2)
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It is clear that
B (X1, Y1)Z1 = B1 (X1, Y1)Z1 +
n2
f21
X1 (f1)H
f1 (Y1, Z1)
−
n2
f1
(
D1X1H
f1
)
(Y1, Z1) +
f⋄2
f31
X1 (f1) g1 (Y1, Z1)
−
n2
f21
Y1 (f1)H
f1 (X1, Z1) +
n2
f1
(
D1Y1H
f1
)
(X1, Z1)
−
f⋄2
f31
Y1 (f1) g1 (X1, Z1)
+ (n− 2)
f22
f21
g1 (X1, Z1)Y1 (ln f1)
(
∇2(ln f2)
)
(ln f2)
− (n− 2)
f22
f21
g1 (Y1, Z1)X1 (ln f1)
(
∇2(ln f2)
)
(ln f2)
and
B (X2, Y2)Z2 = B2 (X2, Y2)Z2 −
n1
f22
Y2 (f2)H
f2 (X2, Z2)
+
n1
f2
(
D2Y2H
f2
)
(X2, Z2)
−
f⋄1
f32
Y2 (f2) g2 (X2, Z2) +
n1
f22
X2 (f2)H
f2 (Y2, Z2)
−
n1
f2
(
D2X2H
f2
)
(Y2, Z2) +
f⋄1
f32
X2 (f2) g2 (Y2, Z2)
+ (n− 2)
f21
f22
g2 (X2, Z2)
(
∇1 (ln f1)
)
(ln f1) Y2 (ln f2)
− (n− 2)
f21
f22
g2 (Y2, Z2)
(
∇1 (ln f1)
)
(ln f1)X2 (ln f2)
Appendix C. Proof of Theorem 3
For a doubly warped product manifold M =f2 M1 ×f1 M2, we have
(DXRic) (Y, Z) = X (Ric (Y, Z))− Ric (DXY, Z)− Ric (Y,DXZ)
= U1 + U2 + U3
U1 = (X1 +X2) (Ric (Y1, Z1) + Ric (Y2, Z2) + Ric (Y1, Z2) + Ric (Y2, Z1))
= (X1 +X2)
(
Ric1 (Y1, Z1)−
n2
f1
Hf1 (Y1, Z1)−
f⋄2
f21
g1 (Y1, Z1)
)
+(X1 +X2)
(
Ric2 (Y2, Z2)−
n1
f2
Hf2 (Y2, Z2)−
f⋄1
f22
g2 (Y2, Z2)
)
+(X1 +X2) (n− 2)Y1 (ln f1)Z2 (ln f2) + (n− 2)Z1 (ln f1)Y2 (ln f2)
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=
(
D1X1Ric
1
)
(Y1, Z1) + Ric
1
(
D1X1Y1, Z1
)
+Ric1
(
Y1, D
1
X1
Z1
)
+
n2
f21
X1 (f1)H
f1 (Y1, Z1)−
n2
f1
(
D1X1H
f1
)
(Y1, Z1)
−
n2
f1
Hf1 (DX1Y1, Z1)−
n2
f1
Hf1 (Y1, DX1Z1) +
f⋄2
f31
X1 (f1) g1 (Y1, Z1)
−
f⋄2
f21
g1 (DX1Y1, Z1)−
f⋄2
f21
g1 (Y1, DX1Z1)−
1
f22
X1 (f
⋄
1 ) g2 (Y2, Z2)
+ (n− 2)X1 (Y1 (ln f1))Z2 (ln f2) + (n− 2)X1 (Z1 (ln f1))Y2 (ln f2)
−
1
f21
X2 (f
⋄
2 ) g1 (Y1, Z1) +
(
D2X2Ric
2
)
(Y2, Z2) + Ric
2
(
D2X2Y2, Z2
)
+Ric2
(
Y2, D
2
X2
Z2
)
+
n1
f22
X2 (f2)H
f2 (Y2, Z2)−
n1
f2
(
D2X2H
f2
)
(Y2, Z2)
−
n1
f2
Hf2
(
D2X2Y2, Z2
)
−
n1
f2
Hf2
(
Y2, D
2
X2
Z2
)
+
f⋄1
f32
X2 (f2) g2 (Y2, Z2)
−
f⋄1
f22
g2
(
D2X2Y2, Z2
)
−
f⋄1
f22
g2
(
Y2, D
2
X2
Z2
)
+ (n− 2)Y1 (ln f1)X2 (Z2 (ln f2))
+ (n− 2)Z1 (ln f1)X2 (Y2 (ln f2))
and,
U2 = −Ric (DX1Y1, Z1)− Ric (DX1Y2, Z1)− Ric (DX2Y1, Z1)− Ric (DX2Y2, Z1)
−Ric (DX1Y1, Z2)− Ric (DX1Y2, Z2)− Ric (DX2Y1, Z2)− Ric (DX2Y2, Z2)
= −Ric1
(
D1X1Y1, Z1
)
+
n2
f1
Hf1
(
D1X1Y1, Z1
)
+
f⋄2
f21
g1
(
D1X1Y1, Z1
)
+(n− 2)
f22
f21
g1 (X1, Y1)Z1 (ln f1)
(
∇2(ln f2)
)
(ln f2)− Y2 (ln f2)Ric
1 (X1, Z1)
+
n2
f1
Y2 (ln f2)H
f1 (X1, Z1) +
f⋄2
f21
Y2 (ln f2) g1 (X1, Z1)
−X1 (ln f1) (n− 2)Z1 (ln f1)Y2 (ln f2)− Y1 (ln f1) (n− 2)Z1 (ln f1)X2 (ln f2)
−X2 (ln f2)Ric
1 (Y1, Z1) +
n2
f1
X2 (ln f2)H
f1 (Y1, Z1) +
f⋄2
f21
X2 (ln f2) g1 (Y1, Z1)
− (n− 2)Z1 (ln f1)
(
D2X2Y2
)
(ln f2) +
f21
f22
g2 (X2, Y2)Ric
1
(
∇1(ln f1), Z1
)
−
n2f1
f22
g2 (X2, Y2)H
f1
(
∇1(ln f1), Z1
)
−
f⋄2
f22
g2 (X2, Y2) g1
(
∇1(ln f1), Z1
)
− (n− 2)
(
D1X1Y1
)
(ln f1)Z2 (ln f2) +
f22
f21
g1 (X1, Y1)Ric
2
(
∇2(ln f2), Z2
)
−
n2f2
f21
g1 (X1, Y1)H
f2
(
∇2(ln f2), Z2
)
−
f⋄1
f21
g1 (X1, Y1) g2
(
∇2(ln f2), Z2
)
−X1 (ln f1)Ric
2 (Y2, Z2) +
n1
f2
X1 (ln f1)H
f2 (Y2, Z2) +
f⋄1
f22
X1 (ln f1) g2 (Y2, Z2)
−Y2 (ln f2) (n− 2)X1 (ln f1)Z2 (ln f2)−X2 (ln f2) (n− 2)Y1 (ln f1)Z2 (ln f2)
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−Y1 (ln f1)Ric
2 (X2, Z2) +
n1
f2
Y1 (ln f1)H
f2 (X2, Z2) +
f⋄1
f22
Y1 (ln f1) g2 (X2, Z2)
−Ric2
(
D2X2Y2, Z2
)
+
n1
f2
Hf2
(
D2X2Y2, Z2
)
+
f⋄1
f22
g2
(
D2X2Y2, Z2
)
+(n− 2)
f21
f22
g2 (X2, Y2)
(
∇1 (ln f1)
)
(ln f1)Z2 (ln f2)
U3 = −Ric (Y1, DX1Z1)− Ric (Y1, DX1Z2)− Ric (Y1, DX2Z1)− Ric (Y1, DX2Z2)
−Ric (Y2, DX1Z1)− Ric (Y2, DX1Z2)− Ric (Y2, DX2Z1)− Ric (Y2, DX2Z2)
= −Ric1
(
Y1, D
1
X1
Z1
)
+
n2
f1
Hf1
(
Y1, D
1
X1
Z1
)
+
f⋄2
f21
g1
(
Y1, D
1
X1
Z1
)
+(n− 2)
f22
f21
g1 (X1, Z1)Y1 (ln f1)
(
∇2(ln f2)
)
(ln f2)− Z2 (ln f2)Ric
1 (Y1, X1)
+
n2
f1
Z2 (ln f2)H
f1 (Y1, X1) +
f⋄2
f21
Z2 (ln f2) g1 (Y1, X1)
−X1 (ln f1) (n− 2)Y1 (ln f1)Z2 (ln f2)− Z1 (ln f1) (n− 2)Y1 (ln f1)X2 (ln f2)
−X2 (ln f2)Ric
1 (Y1, Z1) +
n2
f1
X2 (ln f2)H
f1 (Y1, Z1) +
f⋄2
f21
X2 (ln f2) g1 (Y1, Z1)
− (n− 2)Y1 (ln f1)
(
D2X2Z2
)
(ln f2) +
f21
f22
g2 (X2, Z2)Ric
1
(
Y1,∇
1(ln f1)
)
−
n2f1
f22
g2 (X2, Z2)H
f1
(
Y1,∇
1(ln f1)
)
−
f⋄2
f22
g2 (X2, Z2) g1
(
Y1,∇
1(ln f1)
)
− (n− 2)
(
D1X1Z1
)
(ln f1)Y2 (ln f2) +
f22
f21
g1 (X1, Z1)Ric
2
(
Y2,∇
2(ln f2)
)
−
n2f2
f21
g1 (X1, Z1)H
f2
(
Y2,∇
2(ln f2)
)
−
f⋄1
f21
g1 (X1, Z1) g2
(
Y2,∇
2(ln f2)
)
−X1 (ln f1)Ric
2 (Y2, Z2) +
n1
f2
X1 (ln f1)H
f2 (Y2, Z2) +
f⋄1
f22
X1 (ln f1) g2 (Y2, Z2)
−Z2 (ln f2) (n− 2)X1 (ln f1)Y2 (ln f2)−X2 (ln f2) (n− 2)Z1 (ln f1)Y2 (ln f2)
−Z1 (ln f1)Ric
2 (Y2, X2) +
n1
f2
Z1 (ln f1)H
f2 (Y2, X2) +
f⋄1
f22
Z1 (ln f1) g2 (Y2, X2)
−Ric2
(
Y2, D
2
X2
Z2
)
+
n1
f2
Hf2
(
Y2, D
2
X2
Z2
)
+
f⋄1
f22
g2
(
Y2, D
2
X2
Z2
)
+(n− 2)
f21
f22
g2 (X2, Z2)
(
∇1 (ln f1)
)
(ln f1)Y2 (ln f2) .
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This implies that
(DX1Ric) (Y1, Z1) =
(
D1X1Ric
1
)
(Y1, Z1) +
n2
f21
X1 (f1)H
f1 (Y1, Z1)
−
n2
f1
(
D1X1H
f1
)
(Y1, Z1) +
f⋄2
f31
X1 (f1) g1 (Y1, Z1)
+ (n− 2)
f22
f21
g1 (X1, Y1)Z1 (ln f1)
(
∇2(ln f2)
)
(ln f2)
+ (n− 2)
f22
f21
g1 (X1, Z1) Y1 (ln f1)
(
∇2(ln f2)
)
(ln f2)
(DX2Ric) (Y2, Z2) =
(
D2X2Ric
2
)
(Y2, Z2) +
n1
f22
X2 (f2)H
f2 (Y2, Z2)
−
n1
f2
(
D2X2H
f2
)
(Y2, Z2) +
f⋄1
f32
X2 (f2) g2 (Y2, Z2)
+ (n− 2)
f21
f22
g2 (X2, Y2)
(
∇1 (ln f1)
)
(ln f1)Z2 (ln f2)
+ (n− 2)
f21
f22
g2 (X2, Z2)
(
∇1 (ln f1)
)
(ln f1)Y2 (ln f2) .
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